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IMPERFECTION SENSITIVITY OFAXIALLY
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Abstract-This paper presents some numerical results of the effects of several nondimensional
parameters on the buckling and initial post buckling behaviors of shallow sandwich panels
under axial compression. Results are presented that show these effects due to transverse shearing
resistance of the core material, different face-sheet thicknesses, and different core thicknesses.
Further effects on the buckling and initial postbuckling behaviors of sandwich panels are
presented due to the torsional resistance of longitudinal edge stiffeners.

The results show that the range of flatness parameter, Sid, for which sandwich panels remain
imperfection-insensitive increases with increases in transverse shearing resistance of the core
material and with larger core thicknesses. These results also indicate that this range of Sid is
smallest when the face-sheet thicknesses are equal. Finally, as in the case of homogeneous
panels, torsional resistance of the longitudinal edge stiffeners has the effect of making the
sandwich panel less imperfection-sensitive.
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NOMENCLATURE
initial postbuckling coefficients defined in equation (60)
extensional stiffnesses of the outer and inner face-sheets defined in equation (5)
core thickness
projection of the circumferential distance on the reference surface of the composite panel
onto its base plane
flexural stiffnesses of the outer and inner face-sheets
average end-shortening parameter and its value for the prebuckled state at the bifurcation
point
Young's moduli for the outer and inner face-sheets
transverse shearing moduli for the core material
functions defined by equations (40) and (41)
functions defined by equations (42) and (43)
distance between reference surfaces of the face-sheets
torsional stiffness of the longitudinal stiffeners
ratio of the panel stiffness after buckling to its stiffness prior to buckling. Defined in
equation (64)
nondimensional parameter CV3(I-v2

))

bending and twisting moments associated with the ith face-sheet
normal and shearing stress-resultants associated with the ith face-sheet
transverse shearing stress-resultants associated with the ith face-sheet
nondimensional parameter CV2kRlt*)
radius of curvature of the reference surface for the composite panel
relative stiffness parameter defined in equation (65)
slopes of the load-deflection curve immediately before and after buckling
weighted thickness of the panel
thicknesses of the outer and inner face-sheets
physical axial, circumferential, and normal displacements of points on the reference
surface; dimensionless counterparts
physical axial and circumferential coordinates on the reference surface
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physical shear angles for the core material in the x and y directiolls: dimensionless
counterparts
nondimensional parameters associated with the torsional resistance of the longitudinal
stiffeners defined in equation (26)
rise of panel above its base plane
nondimensional parameter defined in equation (63)
infinitesimal scalar parameter defined in equation (60)
physical axial strain associated with the reference surface of the composite panel
nondimensional axial and circumferential coordinates
value of Y) at the longitudinal stiffener
postbuckling functions defined in equation (44)
postbuckling functions defined in equation (44)
postbuckling functions defined in equation (44)
nondimensional parameter defined in equation (15)
ratio of the length of the buckled wave in circumferential direction to the half length of
the buckled wave in the axial direction
Poisson ratio's for the face-sheets
nondimensionalload parameter and its value at the bifurcation point
modified critical value of nondimensional load parameter (a! = aJR/t *)
nondimensional reactions of the core material on the face-sheets defined in equations
(1-4)
physical and nondimensional airy stress functions.

INTRODUCTION

The aerospace industry has been interested in sandwich type constructions since the end of
World War II because of the relatively high strength-weight ratios that structural com­
ponents made in this composite manner exhibit. Conceptual models[1, 2] for sandwich
panels have appeared in the literature that view the composite structural element as con­
sisting of two distinct, thin, isotropic, face-sheets that are separated by a suitable lightweight
core material that is, itself, assumed to be either an isotropic or an orthotropic continuum.
More recently, additional improvements in the strength-weight ratios of composites of
varying geometric configurations have been realized through the use of fiber-reinforced,
layered shells as face-sheets. This improvement in the strength-weight ratio of the composite
structural element arises because of the increased strength-weight ratio of the individual
fibers and the capability of arranging the fiber orientations so as to obtain a minimum
weight for the composite structural element without compromising its load carrying capacity.

Considerable work has been done relative to obtaining information concerning the
buckling and initial post-buckling behaviors of fiber-reinforced, layered, complete cylindrical
shells under axial and lateral pressure[3-5]. Even more work has been done regarding these
behaviors for isotropic shells of various geometries and loading conditions[6]. These works,
however, with the exception of those of[7], have not encompassed the sandwich concept as
detailed in the opening paragraph.

The present investigation is confined to the study of the buckling and initial post­
buckling behavior of edge-stiffened, circular cylindrical, composite panels with isotropic
face-sheets under uniform axial compression. The composite panel consists of two isotropic
face-sheets that are separated by an orthotropic core material. The face-sheets may have
unequal thicknesses and be of different materials, while the core material is considered to be
capable of transmitting only transverse shearing forces. Thus, the in-plane resistance of the
core material is assumed to be negligible in comparison to the in-plane resistances of the
face-sheets. Furthermore, transverse normal deformations in the core material are also
ignored.
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The straight edges of the sandwich panel are assumed to be reinforced by stiffeners that
are constrained to stay in the undeformed reference surface of the panel. Therefore, it is
assumed that the flexural stiffness of the longitudinal stiffeners relative to axes normal to the
straight edges of the panel is infinite. The flexural stiffness of the stiffeners relative to axes
normal to the reference surface of the composite panel is considered to be negligible; thus, the
circumferential displacements of the straight edges of the panel are unconstrained by
the stiffeners. Finally, the stiffeners are assumed to twist freely about their entire length.
The boundary conditions used in this study incorporate the conditions used by Koiter[8] in
his study of the buckling and initial post-buckling behaviors of longitudinally reinforced,
narrow, homogeneous panels under axial compression which are identical to those used
by Stephens[9] in extending Koiter's analysis to include the torsional resistance of longi­
tudinal stiffeners.

The theoretical basis for the present study is essentially a perturbation technique proposed
by Koiter[10] and that was transcribed by Budiansky[ll] into a form more suitable for
application to thin shell type structures whose prebuckling behavior is linear.

MATHEMATICAL MODEL

The field equations governing the moderately large deflections of circular, cylindrical,
sandwich panels derived by Fulton[l] can be expressed in the following form:

V4 w + ¢'~~ - 2k(¢,qq w,~~ - 2¢,~q W'~q + ¢,~~ W,qq) -A 1(a + w,~),~ - A 2(fJ + W,q),q = 0, (1)

V4¢ - w'~~ - 2k(w,~q - W,~~W,qq) = 0, (2)

1 -v 2 1 +v
-2- V a + -2- (ct,~ + fJ,q),q - A 3(a + w'~) = 0, (3)

IJSS Vol 10 No 8 - D

1 -v 2 1 +v
-2- V fJ + -2- (ct,~ + fJ,q),q - AifJ + W,q) = 0.

z,w

Fig. 1. Circular cylindrical sandwich panel.

(4)
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(5)

The signs of some of the terms in these equations differ from those presented by Fulton;
however, they are fully equivalent. The differences arise because of the sign convention on
wand the definitions of the quantities rx and {3.

The nondimensional quantities appearing in equations (1-4) are related to the corre­
sponding physical quantities through the relations

A
3

= GxiB[ + B2)(R)2, A
4

= GyzCB[ + B2)(R)2, (J = Nx Rk .
cB[B2 qo cB[B2 qo t* (E[t l + E2t2]

In the foregoing expressions R is the radius of the composite panel, t[ and t 2 denote face­
sheet thicknesses, and c signifies the core thickness. Young's moduli for the face-sheets are
denoted by E[ and E2 , the transverse shearing moduli for the core material by Gxz and Gyz ,

and Poisson's ratio by v. The quantities w, cjJ, rx, {3 are the nondimensional transverse deflec­
tion, airy stress function, and core shearing angles in the axial and circumferential directions,
respectively; and W, <1>, Ii, 13 are the corresponding physical quantities. The in-plane stiff­
nesses of the face-sheets are defined by the relations

E·t·
B i = -1' '2 U = 1,2),

-v

where i = 2 denotes the face-sheet nearest the center of curvature and i = 1denotes the other.
The distance between the middle surfaces of the two face-sheets is signified by h, and e, IJ
are the nondimensional axial and circumferential coordinates corresponding to the physical
coordinates x, y. Finally, the Laplacian operator in equations (1-4) is given by

V'( ) == ( ),~~ + ( ),~~. (6)

(7)

Average end-shortening parameter

In order to compare the stiffness of the composite panel in its prebuckled and initial
post-buckled states an average end-shortening parameter is defined through the relation

e = 2~ Lex dx dJ'

where ex is the physical axial strain associated with the reference surface of the composite
panel and 2d is the projection of the circumferential length of this reference surface onto
the base plane of the panel. For a membrane prebuckled state, equation (7) reduces to the
nondimensional form

(8)
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Here ac is the value of the nondimensionalload parameter at the bifurcation point. Defining
the prebuckling stiffness of the composite panel by So one obtains from equation (8)

~ - deo I = (t*)2 f de d11' (9)
So - da a=ac 4dk2

A

Buckling equations

To study the buckling behavior of the cylindrical sandwich panel a solution of equations
(1-4) is sought in the form

(10)

Here e is an infinitesimal scalar parameter and a is a nondimensional load parameter.
Substituting equations (10) into equations (1-4), recalling that the prebuckled state is
assumed to be a membrane state (<Po = - Yf 2/2k, Wo = constant, CXo = CXo = 0), and linearizing
with respect to e, one obtains the system of differential equations

V
4
W1 + <Pl'~~ + 2awl'~~ - 1\1(CX1 + Wl'~)'~ - 1\2([31 + Wl'~)'~ = 0, (11)

V4<Pl - Wl'~~ = 0, (12)

Since the panel is assumed to be long compared to its width the boundary conditions at the
ends will not effect the buckling load; consequently, a solution to equations (11-14) is
assumed in the form

ne
W1(e,11) = W1(11) cos T'

ne
<Pl(e,Yf) = <Pl(11) cos-y,

cx\(e,11) = cx1(11)sin :e,
ne

[31(e,11) = [31(11) cos T· (15)

The e dependence of equations (11-14) is eliminated by means of equations (15). One
obtains, in this manner, a set of homogeneous, ordinary differential equations:

W~v - [1\2 + 2GfJ w~ + [Gf - 2aGf + 1\IGfJ WI

- Gf<Pl - 1\IG)CX1 - 1\2[3~ = 0, (16)
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cP~v - 2(i) zcP~ + (n/A)4cP1 + (n/A)Zw l = 0,

1 - V fI • Z 1 + V (n) /
-2- a1 - [A3 + (n/A) ]a 1 - -2- ;: /31 + AJCn/).)w1 = 0,

/3~ - [A4 + 1 ; v(if] /31 + 1 ~ v (i) a~ - A4 w~ = O.

(17)

(18)

(19)

To obtain suitable boundary conditions to accompany equations (16-19) certain simplifying
assumptions are made along the straight edges of the panel. Thus, the edges are assumed to
remain straight and the flexural rigidity of the stiffeners about a normal to the reference
surface of the panel is neglected. These conditions, together with the evenness of the tangen­
tial displacement v about the stiffener, yield the following boundary conditions along the
straight edges:

(24)

(23)

(22)

(25)

(20)

(21 )

w 1(i1) = 0,

w~(ij) + Yl(n/A)zw'(ij) = 0,

cPl(ij) = 0,

cP~(ij) = 0,

a~(ij) - (n/A)/3I(ij) = 0,

/3~(ij) +v(n/A)al(ij) + yzGf/3l(ij) = o.

JG JG qo B I + Bz
HereYI = qo/R and Yz = -h R B B . (26)

D I + D z I z

The torsional resistance of the longitudinal stringers is denoted by JG and the flexural
stiffnesses of the face-sheets by

(27)

Equations (20-23) are Koiter type boundary conditions similar to those used in[8, 9]. Con­
ditions (24) and (25) stipulate that the bending and twisting moments due to the membrane
forces in the face-sheets vanish.

The buckling mode (WI' cPI' ai' /31) is assumed to be symmetrical so that symmetry con­
siderations at the center of the panel lead to

WI(O) = 0, (28)

w~/(O) = 0, (29)

cP~(o) = 0, (30)

cP'{/(O) = 0, (31)

a/leO) = 0, (32)

/31(0) = 0. (33)



(34)
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Equations (16-19) together with the boundary conditions (20-25) and (28-33) constitute a
linear eigenvalue problem that determines the critical value of the load parameter (J and the
buckling quantities WI' 4>1' IX l , PI associated with it. In the foregoing equations, and in all
subsequent work, differentiation with respect to 11 is signified by ( )'. The critical value of the
nondimensional load parameter (J corresponds to the minimum value of (J on the set of
values associated with A. The ratio of the length of the buckled mode in the circumferential
direction to the length of the buckled mode in the axial direction is given by

A* = 2d = 2Qo!!...
I A R

Initial post-buckling behavior

To investigate the initial postbuckling behavior of the sandwich panel, the quantities w,
cP, IX, Pare expanded in asymptotic series of the infinitesimal scalar parameter c. Accordingly,

(35)

Substituting equation (35) into the general nonlinear equilibrium equations (1-4), observing
that at the bifurcation point wo , cPo, lXo, Po satisfy the equations associated with the pre­
buckled equilibrium state and WI' cPl> lXI' PI satisfy equations (11-14) associated with the
buckling mode, and letting c --+ 0 yields a system of differential equations that describes the
initial postbuckling behavior of the panel:

V4W2 + cP2'~~ + 20'c W2'~~ - Al (1X2 + W2'~)'~ - A2(P2 + Wz,~),~ = 2k {hI (1']) + h2(1']) cos 2~~},

(36)

4~ { ~~}V '1'2 - W2'~~ = 2k gl(l']) + gz(l']) cos T ' (37)

(38)

(39)

The functions appearing on the right-hand sides of equations (36) and (37) are defined in
terms of the quantities Wl , 4>1 associated with the buckling mode and are given by the
relations

(40)

(41)

(42)
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(43)

Observing the structure of the right-hand sides of equations (36-37) it is clear that W2 , </;2 ,
a2, f32 may be expressed as

Wz(~,l1) = kk(l1) + l/J(11) cos 2~~},

cP2(e,11) = k{O(l1) + X(l1) cos 2~e},

az(e,l1) = k{W(l1) +'(11) sin 2~e},

f32(e,11) = k{J!(l1) + 8(11) cos 2~e}.

(44)

Eliminating the edependence from equations (36-39) by means of equations (44) one
obtains the following set of four independent boundary value problems for the unknown
functions appearing in the right-hand sides of equations (44).

h

()Til------

()111+.L t w2 I tX

r

Fig. 2. Cross-section of sandwich panel.

(J

The boundary value problems for the functions l/J(11), X(f/), '(f/), 9(f/); p(7/), J!(11); O(f/);
and W(l1) are, respectively:

Problem No.1

l/JiV(l1) - {A2 + 2C:)2}l/J fI(11) + {C:) 4 - 2o-cC:) 2 + C}~) 2Al }l/J(11)

-e;) zX(l1) - AIC:)r(l1) - Az 9'(f/) = 2h l (11),

(45)

(46)
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{
1 - V (21t)2) 1+ V (21t)8"(11) - A4 + -2- T 9(11) + -2- T 1:'(17) - A4 1/1'(11) = 0,

1 - v { (21t) 2) 1 + V(21t) ,-2- 1:"(11) - A3 +;: 1:(11) - -2- ;: 9 (1J) + A3 !/I(I1) =0,

with boundary conditions

I/t' = !/I'" = x' = X'" =1:' = 9 = 0 on 11 = 0

and

t/t=!/J"=X'=X"=1::=9'+ve:)1:=0 on l1=ii·

Problem No.2

piV(1J) - A2{!L'(1]) + p"(1J)} = 2h t (1]),

J1."(1]) - A4V~(1]) + P'(I1)} = 0,

with

p' = p", = J1. =0 on 1] =0

and

p' = J1.' = 0 on 11 = ii·

Problem No.3

with

0' = (j'" = 0 on 1] = 0

()' = 0 on 11 = ii·

Problem No.4.

1 ~v CO"(I1) _ A3 CO(I1) = 0,

w'(O) = w(ii) = o.

891

(47)

(48)

(49)

(50)

(51)

(52)

(53)

(54)

(55)

(56)

(57)

(58)

(59)

The boundary value problems (45-50), (51-54), (55-57), and (58, 59) determine the coef~

ficients appearing in the definitions (44) and hence characterize the initial postbuckling
behavior of the composite panel. Equations (58, 59) show that W(I1) == o.

It is shown in[1 I] that the expansions (35), when they are assumed to be asymptotically
valid for e ~ 0, imply a relationship of the form

(60)
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It can be shown that the coefficient a in this expansion is identically zero for the composite
panel and that

b = 2k2
{JZ[(4)~Wl - ¢lwnl/l + t(¢;w 1 - ¢lwDl/I' - (¢IW; + ¢'IWI)P'] d'1

(Jc Jgwf d'1

_ ~ JZ[(WI)2X" + 4w IW'IX' + 4(W;)2 - 2(wlfit"] d'1}
4 Jiiw2dn . (61)o I ./ .

The sign of the>ipitial post-buckling coefficient b determines whether the load increases or
decreases immediately after buckling. The significance of the coefficient b is connected with
the notions of imperfection-sensitive and imperfection-insensitive structures. It has been
shown in[ll] that structures containing geometric imperfections (imperfect structures) are
imperfection-sensitive, in the sense that the buckling load for the imperfect structure should
be expected to be less than the buckling load for the corresponding perfect structure, when­
ever the load for the perfect structure initially decreases upon bifurcation buckling (see
Fig. 3). On the other hand a structure is said to be imperfection-insensitive (in the sense that

Load Load

Buckling

(a)
Displacement

(b)

Fig. 3. Generalized load-displacement curves for general structure.

the load-deflection curve for the imperfect structure exhibits a much milder growth of dis­
placement as the load reaches and exceeds the classical buckling load for the perfect struc­
ture) whenever the load for the perfect structure increases immediately after bifurcation
buckling (see Fig. 3). Accordingly, a structure is said to be imperfection-sensitive or imper­
fection-insensitive according to whether b is negative or positive. In calculating b it has been
assumed that the buckling mode (WI' ¢1' a 1, 131) has been normalized so that the maximum
value of the physical deflection WI is equal to the total thickness of the panel.

Let S denote the initial slope of the load vs end-shortening curve corresponding to the
bifurcation path. It is not difficult to show that

S=~ (62)
1+.1\

where

(63)



(64)
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Finally, as a measure of the stiffness of the panel immediately after buckling relative to
its stiffness prior to buckling we define the stiffness ratio

K =!.- ={I + k2JA(WI,~)2 de d,,}-l.
So (Ie bJA d~ d"

An expression that is somewhat more convenient to work with is the relative stiffness
parameter

s = ~arctan(~).
'It 1 - K

(65)

Figure 4 indicates how the initial post-buckling coefficient b and the relative stiffness param­
eter s are to be used to determine the nature of the initial slope of the bifurcation branch.
When b > 0 and 0 < s < 1 the initial slope of the buckled path rises so that the buckled
structure retains the capacity to carry load in excess of the bifurcation load. This type of

5"1

oc ~---_5"0

b

""o..J

Generalized deflection

Fig. 4. Graphical description of the initial postbuckling coefficient b and the relative stiffness
parameter s.

behavior characterizes the imperfection-insensitive structure. When b < 0 and -0,5 < s < 0
the initial slope of the buckled path is downward to the right and when b < 0 and s < -0,5
the buckled path has a backward sloping tangent. In either case the structure is said to be
imperfection-sensitive, i.e. the presence of small geometric imperfections has a significant
effect in reducing the load at which the structure will buckle.

NUMERICAL PROCEDURES

Buckling behavior

The linear eigenvalue problem that characterizes the bifurcation load for the composite
panel is solved numerically using first order finite difference formulas. Thus, equations
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(66)

(16-19) along with the boundary and symmetry conditions (20-25) and (28-33), respectively,
are replaced by the finite difference analogue

AjYj - 1 + BjYj + CjYj + l = 0, (j = 1,2, ... , N)i
- KL I + L Yo + KYI = 0, J
-GYN- I + HYN + GY,"i+I = 0,

where Aj' Bj , C j and K, L, G, Hare 6 x 6 matrices and Yj is a 6 x 1 column matrix. The
lowest eigenvalue for this set of equations can be found conveniently by means of a modified
Potters' method[12] that has been suggested by Fulton and Blum[13]. The critical value of
the load parameter a corresponds, therefore, to the minimum value of a over the range of
Je for which the modified buckling determinant

M = (L + KAc; IBo) . (BI + Al Qo) . (Bl + Al Qd ... (BN+ AN QN-I) . DET(D) (67)
IL+KAc;IBol IBI+A1Qol IBl+AlQ11 IBN+ANQN-II

vanishes. Here

DET(D) == DET{G + (H - GQN-l)QN}' (68)

(69)with

Equations (67) and (68) are arrived at in a natural way through the Gaussian reduction of
a tridiagonal set of matrix equations. The quantity {G + (H - GQN-l)QN} appears as "the
coefficient of the last unknown column matrix in the reduced triangularized set of matrix
equations. Since the system (66) is homogeneous, nontrivial solutions for Yj exist if and
only if DET(D) = O. The lowest value of a on the set of all wave length ratios ),* that
satisfies DET(D) = 0 is the critical load.

The triangularization procedure introduces singularities into the determinant (68) that
occur at DET(D) = O. Consequently, in a machine search for the lowest eigenvalue of the
system (66) care must be taken not to interpret zeros associated with singularities of equation
(68) as zeros associated with eigenvalues. Equation (67) is essentially a quasi-normalized
expression of the determinant of the full system (66) and must therefore be a continuous
function of a and ), whose zeros are associated with eigenvalues only.

According to Potters' method the Qj are given by the recurrence relation

Qj ~ ~(Bj + AjQj~,)~'Cj' (j ~ 1,2, ... , N)
Qo = -(L + KAC; 1BO)-l(K + KAC; I)CO '

To obtain the lowest eigenvalue for the system (66), the load parameter a was incremented
in steps of 1·0 until a sign change in M(a; Je) occurred for a fixed value of A. An interval
halving technique was then employed to refine a to wit hin 1 per cent. This procedure was
repeated for 7 values of the wave parameter Je, where the range of ). was selected so as to
include the minimum value of a over all A.

A seventh order Lagrange interpolating polynomial of the form

7

a(i) = I LkU)ak,
k~O

with

Lk(i) = Il (), - 1.)/ Il (ak - a),
j~O j~O

k*j k*j

(71)
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was used to represent the segment of the (J' vs A curve in the range of A values selected.
Differentiation of equation (70) and Newton's method for finding roots of polynomial
expressions were used to determine the absolute minimum of (J' and the corresponding value
of wave parameter A(see Fig. 5).

1
I

___ ..J _ .L _ :0::+':--_-"";
I 1 I
I I ,
I I I
I I I
I ' I, I I
I I I

II

Fig. 5. Plot of dimensionless load parameter (J vs dimensionless wave parameter A.

Having the critical value of load parameter (J and the corresponding wave parameter A,
the quantities WI' 4>1' lXI' PI associated with the buckling mode were calculated by observing
that the matrix D appearing in equation (68) is singular for these values. Thus, the rows of
D are linearly dependent and, in the present case, a reduced 5 x 5 system of equations was
solved for the vector YN + l • The vectors Y/j = N, N - 1, ... ,0) are then generated by means
of the recurrence relation

(72)

(73)

Vectors Y j were normalized so that the maximum physical deflection was equal to the total
thickness of the composite panel.

Initial post-buckling behavior

The numerical procedures used to obtain solutions for the three linear boundary value
problems that characterize the initial post-buckling of the panel are described below.

Boundary value Problem No. 1 (equations 45-50) was solved using the central finite
difference analogue

AjZj_ l + BjZj + CjZj + 1 = Dj,(j = 0, 1, ... , N»)
-KZ_ l +LZo + KZl = 0,
-GZN - l + HZN + GZN + l = 0,

where Aj, Bj' Cj , K, L, G, Hare 6 x 6 matrices while Z j and D j are 6 x 1 column matrices,
Potters' method leads to the recurrence relations

(74)
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Sj:: (Dj + Aj Qj-l)-.l~fj - AjSj _1),} 05)
Qj - -(Dj + A j Qj-I) Cj .

Starting values for Sj, Qj' Zj are obtained from the formulas

So==(L+KA(;IDo)-lKA;lDo, . '\
Qo == -(L + KA(jIDo)-l(K + KA(jICO), • (76)

ZN+l == {G + (H - GQN-l)QN} -1{GSN_1 + (GQN-l - H)SN}' J
Calculations for the vectors Zj are direct; i.e. the process does not involve an iterative
procedure.

Boundary value Problem No.2 (equations 51-54) was solved using a mixed method.
Since only first derivatives of p(rl) were required in the computation (the function /1(11) was
not needed at all) of the initial postbuckling coefficient b and the relative stiffness parameter
s, the function /letT) was eliminated among the two equations and the result integrated
directly to obtain

where

r"(17) - (Az + A4 )r(rj) = F(I'/),

1'(0) = r(ii) =0;

r(l7) = P'(Il) and

(77)

(78)

Values of the function F(Il) at the mesh points of a finite difference grid were determined
numerically using the trapezoidal rule. Having these nodal values for F(IJ), equations (77)
and (78) were solved using central finite difference formulas in the same manner as in
Problem No.1. Accordingly, the central difference analogue corresponding to equations
(77,78) is

(J = 1,2, ... , N).

Gaussian triangularization leads to the recurrence relationships

(80)

(81 )

(j= 1,2, ... ,N- I); (82)

with

Qj=(k-Qj_l)-l, }

Sj = _Qj I(Dj - Sj-l)'

and

(83)

(84)

The boundary value Problem No.3 was first integrated directly so as to obtain the required
second derivatives

(85)



Imperfection sensitivity of axially compressed stringer reinforced cylindrical sandwich panels 897

The function gl (A) appearing in the integrands of equation (85) is known at the mesh points
of the finite difference grid, therefore, the required values of (}"(rJ) were evaluated using the
trapezoidal rule.

The numerical analogues described were programmed on the IBM 670-150 in Fortran IV
language using double precision throughout. The finite difference grid spacing was chosen
so that the number of interval was always equal to 36.

DISCUSSION OF THE NUMERICAL RESULTS

Figure 6 shows plots of modified buckling parameter 0"* = 0"/R/t*, the initial postbuckling
parameter b, and the relative stiffness parameter s, for a wide range of values of the ratio of
the transverse shearing modulus of the core material to the Young's modulus of the face­
sheets (g = Gxz/Ez) as functions of the flatness parameter o/d. The data exhibited in these
plots are for the fixed parameters EdEz = 1, Gyz/Gxz = 1, tdtz = 1, and c/tz = 0·5. Torsional
resistance of the stiffeners is taken as zero.
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Fig. 6. Effect of transverse shearing resistance on the buckling and initial postbuckling behaviors
of sandwich panels (E,IE2 = 1, GyzlGxz = 1, t,/t2 = 1, cft2 = 0'5, ')', = 0).

First note that for values of g approaching zero, the buckling and initial postbuckling
behaviors approach those for a single homogeneous panel as given by Koiter[8]. Also
observe that, for small values of b/d, the panel behaves essentially as a flat plate.
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The middle plot of Fig. 6 shows that as the ratio 9 increases, the range of the flatness
parameter bid for which the panel remains imperfection-insensitive increases significantly.
Moreover, this plot reveals that panels for which 9 is realistic are unlikely to be imperfection­
sensitive.

Finally, the bottom plot of Fig. 6 indicates that, for the range of [)jd considered, panels
for which 9 is realistic are not likely to have backward sloping load-deflection curves.
Indeed, it is quite likely that the postbuckling branch will rise and hence possess the charac­
teristic of a flat plate.

The curves exhibited in Fig. 6 generally extend to the limit of applicability of the theory
with regard to the flatness parameter bid. However, while no detailed investigation has been
made to establish quantitatively how the various material and geometric parameters that
characterize the sandwich panel effect the range of applicability of the theory it can be
concluded that each parameter considered as a family parameter in this study increases this
range.

Figure 7 shows the effect that different relative face-sheet thicknesses have on the buckling
and initial postbuckling behavior of the sandwich panel. The plots are obtained for fixed
values of GxzlEz = 0·04, EdEz = I, GyzlGxz = I, cllz = I and zero torsional resistance of
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Fig. 7. Effect of different face-sheet thicknesses on the buckling and initial postbuckling
behaviors of sandwich panels (Gxz/Ez = 0,04, Gyz/Gn = 1, E.lEz = 1, c/tz = 1, ')'1 = 0).
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the stiffeners. Again, one observes what one expects relative to the buckling behavior. Note
that the range of imperfection-insensitivity increases as the ratio of the outer face-sheet
thickness to the inner face-sheet thickness increases. This observation also seems to be valid
for ratios ttltz < 1, however, the flattening effect observed for these curves for higher values
of old may reflect the nearing of the end of the range of validity for the theory.

Figure 8 shows the effect of different values of hltz on the buckling and initial post­
buckling behavior when GxzlEz = 0·04, EtiEz = 1, GyzlGxz = 1, tjltz = 1 and the torsional
resistance of the stiffeners is zero.
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Fig. 8. Effect of different core thicknesses on the buckling and initial postbuckling behaviors of
sandwich panels (GxzlEz = 0-04, G.zlGxz = 1, EilEz = I, t11tz = I, Y1 0).

Again the range of old for which the panel remains imperfection-insensitive is increased
with increasing values of hltz . It is interesting to note that for small values of (jfd (nearly
flat plates) the initial postbuckling coefficient decreases significantly for increasing values of
hltz . This may be an indication that an imperfection-sensitive condition can arise for a
flat sandwich plate under certain conditions-notably when the ratio 9 is small and the
ratio of the distance between the middle surfaces of the face-sheets and the face-sheet
thickness is large.

Figure 9 shows the effect of torsional resistance of the edge stiffeners on the buckling and
initial postbuckling behaviors of the sandwich panel for various values of the ratio 9 =

GxzlEz when E11Ez = 1, GyzlGxz = 1, t11tz = 1, cltz = 0,5, and old = 0·008.
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Fig. 9. Effect of torsional resistance on the buckling and initial postbuckling behaviors of
Sandwich panels with G~zlGyz = 1, EtlE2 = 1, ttl/2 = I, cl12 = 0'5, old 0·008.

The numbers appearing in the upper plot of Fig. 9 correspond to values of u* for 9 = 0·40.
These values were not plotted so that the remaining curves could be situated on the same
page.

The buckling behavior indicates a substantial increase in the buckling resistance of sand~
wich panels as the support condition changes from an essentially simple~support for small
values of torsional resistance parameter YI to a clamped support for large values of YI'
Clearly, the presence of significant torsional resistance in the longitudinal stiffeners tends
to reduce the degree of imperfection-sensitiveness and has the greater effect for smaller
values ofg.

Figure 10 shows the effect of torsional resistance of the longitudinal stiffeners on the
buckling and initial postbuckling behaviors of the sandwich panel for various values of
hjtz when G;x;zjEz = 0'04, EtiEz = I, GyzlGxz = 1, tdtz = I, and bid = 0·008.

The buckling behavior appears as one expects, i.e. the buckling resistance of the sandwich
panel increases from the values characterizing the simple-support condition (YI = 0) to
those associated with the clamped support (Yl large).
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Fig. 10. Effect of torsional resistance on the buckling and initial post-buckling behaviors of
sandwich panels with hlt, as a family parameter (GxzlE, = 0,04, GyzlGxz = 1, EIfE, = 1,

tdt , = 1, old = 0,008).

It is interesting to note that the initial post-buckling coefficient b, for large values of
torsional resistance of the stiffeners, decreases sharply as hltz is increased. However, b
appears to be approaching an asymptotic value that lies in the imperfection-insensitive
region.

REFERENCES

1. R. E. Fulton, Nonlinear equations for a shallow unsymmetrical sandwich shell of double curvature,
Proc. 7th Midwestern Mech. Con!, p. 365. Michigan State University (1961).

2. N. Akkas and N. R. Bauld, Jr., Buckling and initial post-buckling behavior of clamped shallow spherical
sandwich shells, Int. J. Solids Struct. 7, 1237 (1971).

3. N. S. Khot, On the effects of fiber orientation and nonhomogeneity on buckling and initial post-buckling
equilibrium behavior of fiber-reinforced cylindrical shells under uniform axial compression. Tech. Rep.
AFFDL-TR-68-19, Air Force Flight Dynamics Laboratory, Air Force Systems Command, Wright­
Patterson Air Force Base, Ohio (May 1968).

4. N. S. Khot, On the influence of initial geometric imperfections on the buckling and initial post-buckling
behavior of fiber-reinforced cylindrical shells under uniform axial compression. Tech. Rep. AFFDL-TR­
68-136, Air Force Flight Dynamics Laboratory, Air Force Systems Command, Wright-Patterson Air
Force Base, Ohio (October 1968).

5. N. S. Khot and V. E. Venkayya, Effect of fiber orientation on initial post-buckling behavior and imper­
fection sensitivity of composite cylindrical shells. Tech. Rep. AFFDL-TR-70-125, Air Force Flight
Dynamics Laboratory, Air Force Systems Command, Wright-Patterson Air Force Base, Ohio (Dec. 1970).

IJSS Vol 10 No 8 - E



902 NELSON R. BAULD, JR.

6. J. W. Hutchinson and W. T. Koiter, Postbuckling behavior, AMR, 23, 1353 (1970).
7. G. G. Pope, The buckling behavior in axial compression of slightly-curved panels, including the effect

of shear deformability, Int. J. Solids Struct. 4, 323 (1968).
8. W. T. Koiter, Buckling and postbuckling behavior of a cylindrical panel under axial compression, Repr.

S,476 (1956). National Aeronautical Research Institute, Amsterdam.
9. W. B. Stephens, Imperfection sensitivity of stringer reinforced cylindrical panels under internal pressure,

AIAA J. 9, 1713 (1971).
10. W. T. Koiter, Over de Stabiliteit vanHet Elastisch Evenwicht("On the Stability of Elastic Equilibrium "),

Thesis, Delft, H. J. Paris, Amsterdam, 1945. English translation issued as NASA TT-F-IO, 833 (1967).
11. B. Budiansky, Dynamic buckling of elastic structures; criteria and estimates, Proc. Int. Con! Dynamic

Stability of Structures, pp. 83-106. Pergamon Press (1966).
12. M. L. Potters, A. Matrix method for the solution of a second order difference equation in two variables,

Rep. MRI9, Mathematich Centrum, Amsterdam, Holland (1955).
13. R. E. Blum and R. E. Fulton, A modified Potters' method for solving eigenvalue problems involving

tridiagonal matrices, AIAA J. 4, 2231 (1966).

Pe310Me~ B HacTolIIUeH pa60Te paCCMaTpHBalOT '1HCJIeHHble pe3YJIbTaTbI BJIHlIHHlI HeCKOJIb­
KHX 6e3MepHblx rrapaMeTpOB Ha Kopo6JIeHHe H Ha HCXOLlHoe, CJIeLlYIOIUee 3a Kopo6JIeHHeM,
rrOBeLleHHe HerJIy60KHx MHOrOCJIOHHbIX rraHeJIell:, rrOLlBeprHyTblx OCeBOMY ClKaTHIO. TIo
pe3YJIbTaTaM BHLlHO, 'ITO 3TH 3<p<peKTbI B03HHKalOT BCJIeLlCTBHe corrpOTHBJIeHHlI rrorrepe'lHoMy
CLlBHrOBOMY Lle<PopMHpoBaHHIO MaTepHaJIa CepLle'lHHKa, BCJIeLlCTBHe 60JIbIIIHX rrOrrepe'lHHKOB
rpaHH-JIHCTOB H CepLle'lHHKa. ):(o6aBO'lHOe BJIHlIHHe Ha Kopo6JIeHHe H Ha CJIeLlYIOIUee 3a
Kopo6JIeHHeM rrOBeLleHHe, OKa3blBaeT corrpOTHBJIeHHe Kpy'leHHIO rrpOLlOJIbHbIX 3JIeMeHTOB
lKeCTKOCTH KpOMOK.

vlJ pe3YJIbTaTOB CJIeLlyeT, 'ITO K03<p<pHI.(HeHT rrJIOCKOCHOCTH, old, rrpH KOTOpbIX Herrry60KHe
MHOrOCJIOHHble rraHeJIH OCTalOTClI He'!YBCTBHTeJIbHbIMH K HCKalKeHHIO rrOBblIIIaeTClI C rrOBbI­
rneHHeM corrpOTHBJIeHHlI rrorrepe'lHoMy CLlBHrOBOMY Lle<PopMHpoBaHHIO MaTepHaJIa cepLle'l­
HHKa H rrpH 60JIbIIIell: TOJIIUHHe CepLle'lHHKa. Pe3YJIbTaTbi TaKlKe YKa3bIBaIOT, 'ITO K03<P<PHI.(HeHT,
old, caMbIH MaJIbIH, KorLla TOJIIUHHbI rpaHH-JIHCTa OLlHHaKOBble. J1 HaKOHell, KaK B CJIy'lae
OLlHOPOLlHbIX rraHeJIeH, corrpOTHBJIeHHe Kpy'leHHIO rrpOLlOJIbHbIX pe6ep lKeCTKOCTH KpOMOK
LleJIaeT HerJIy60KHe MHOrOCJIoll:Hble rraHeJIH MeHee '1YBCTBHTeJIbHbIMH K HCKalKeHHIO.


